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In this paper, we introduce the concepts of [ ['?4 statistical convergence and
strongly [ I'?* of real numbers. It is also shown that I'?* statistical
convergence and strongly [ T'?* are equivalent for analytic sequences of real
numbers. We introduce certain new double sequence spaces of [ I'** of fuzzy
real numbers defined by I — convergence using sequences of Musielak-Orlicz
functions and also study some basic topological and algebraic properties of
these spaces, investigate the inclusion relations between these spaces.

© 2017 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Consider w, x and A denote the classes of all, gai
and analytic scalar valued single sequences,
respectively.We write w? for the set of all complex
sequences (Xp,,), Where m,n € N, the set of positive
integers. Then, w? is a linear space under the
coordinate wise addition and scalar multiplication.
Throughout this article the space of regularly gai
multiple sequence defined over a semi-normed
space (X, q), semi-normed by q will be denoted by
2R (q) and A2R (q) For X = C, the field of complex
numbers, these spaces represent the corresponding
scalar sequence spaces. Some initial works on double
sequence spaces is found in Bromwich (2005). Later
on, they were investigated by Hardy (1904), Moricz
(1991), Moricz and Rhoades (1988), Basarir and
Solancan (1999), Tripathy (2003), Turkmenoglu
(1999), and many others. We procure the following
sets of double sequences:

M5 = {Gomn) € W SUp [xpp|'mn < oo},
m,neEN
Cp(t): = {(an) € w2 p— mlrilriloolxmn — {fmn

=1 for some {E(C},

COp(t): = {(an) € w p- mlilllloo|xmn|tmn = 1};
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L,(D):= {(an) € w?: i i [Xppp [T < 00},

m=1 n=1

Cop (0):= Cp(® ] M4 (0) and Conp(®) = €op(® ] M. 0

where, t = (t,,,) is the sequence of strictly positive
reals ty,, for all m,n € N and p — lim,, ,, ., denotes
the limit in the Pringsheim (1900) sense. In the case
tmn = 1 for all m,n € N; M, (1), C,(t), Cop(t), L,(D),
Cpp () and Cyp, (1) reduce to the sets My, Cp, Cop, Ly,
Cpp and Copp, respectively. Now, we may summarize
the knowledge given in some document related to
the double sequence spaces. Gokhan and Colak
(2004, 2005) have proved that M, (t) and C,(t),
Cpp(t) are complete paranormed spaces of double
sequences and gave the a —, § —, Y — duals of the
spaces M, (t) and Cpp(t). Zeltser (2001) has
essentially studied both the theory of topological
double sequence spaces and the theory of
summability of double sequences. Mursaleen and
Edely (2003) and Tripathy (2003) have
independently introduced the statistical
convergence and Cauchy for double sequences and
given the relation between statistical convergent and
strongly Cesaro summable double sequences. Altay
and Basar (2005) have defined the spaces BS, BS(t),
(;’Sp, (;’pr, CS, and BV of double sequences
consisting of all double series whose sequence of
partial sums are in the spaces M,,, M (t), C,, Cpp, Cr
and £, respectively, and also examined some
properties of those sequence spaces and determined
the a — duals of the spaces BS, BV, (;’é’bp and the
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B(®) — duals of the spaces CSp, and CS, of double
series. Basar and Sever (2009) have introduced the
Banach space £, of double sequences corresponding
to the well-known space ¢, of single sequences and
examined some properties of the space Lg.
Subramanian and Misra (2011) have studied the
space x%(p, g, u) of double sequences and gave some
inclusion relations.

The class of sequences which are strongly Cesaro
summable with respect to a modulus was introduced
by Maddox (1986) as an extension of the definition
of strongly Cesaro summable sequences. Connor
(1988) further extended this definition to a
definition of strong A — summability with respect to
a modulus where A = (anyk) is a nonnegative regular
matrix and established some connections between
strong A — summability, strong A — summability
with respect to a modulus, and A — statistical
convergence. In the notion of convergence of double
sequences was presented by Pringsheim (1900).
Also, the four dimensional matrix transformation
(AX)ke = Zm=1 2ne1 Ake Xmn was studied
extensively by Hamilton (1936).

We need the following inequality in the sequel of
the paper. Fora,b > 0and 0 < p < 1, we have

(a+Db)P < aP +DbP.

The double series X ,-1 Xmn Iis called
convergent if and only if the double sequence (s,,,)
is convergent, where sy, = %i{j7; x;;(m,n € N).

A sequence X = (X, )is said to be double analytic
if Supyy|Xmn|Y™*™ < . The vector space of all
double analytic sequences will be denoted by A%. A
sequence X = (X,) is called double gai sequence if

((m + n)! Ian|)1/m+n — 0 as m,n — o. The double
gai sequences will be denoted by x2 Let ¢ =
{finite sequences}.

Consider a double sequence x = (x;). The
(m,n)™ section x™7I of the sequence is defined by
ximel =3 000 %3y for all mn€N; where 3
denotes the double sequence whose only non zero

term is a (1%1)1 in the (i,j)™ place for each i,j € N.

An FK-space (or a metric space) X is said to have
AK property if (3,,) is a Schauder basis for X. Or
equivalently x[mn]

An FDK-space is a double sequence space
endowed with a complete metrizable; locally convex
topology under which the coordinate mappings x =
(Xx) = (Xmn)(m,n € N) are also continuous.

Let M and @ are mutually complementary
modulus functions. Then, we have:

- X.

() Forallu,y = 0,
uy < M(u) + @(y), (Young's inequality)
(ii) Forallu = 0,

un(u) = M(u) + (b(n(u)).

102

(iii) Forallu=0,and 0 <A < 1,
MQu) < AM(u)

Lindenstrauss and Tzafriri (1971) used the idea
of Orlicz function to construct Orlicz sequence space,

| Xk |
Iy = XEW:ZM — | <o, for some p >0
k=1 P

the space £); with the norm,

) x|

[[x]| = inf{p > 0: M <—> < 1},
bz (s
becomes a Banach space which is called an Orlicz
sequence space. For M(t) =tP(1 < p < »), the
spaces ¥y coincide with the classical sequence space
.
A sequence f= (f,,) of modulus function is
called a Musielak-modulus function. A sequence g =

(gmn) defined by:

gmn (V) = supf{|v|lu — (fpn)(W:u =0}, mn=12,..

is called the complementary function of a Musielak-
modulus function f. For a given Musielak modulus
function f, the Musielak-modulus sequence space t; is
defined as follows

tr = {x € W M¢(|xpnDY/™*" 5 0 as m,n - oo},

where, M¢ is a convex modular defined by:

M¢(x) = i
m=1

We consider t; equipped with the Luxemburg
metric:

(o]

fmn(lxmnl)l/m+n.X = (Xmn) €t
=1

n

1/m+n
dGxy) = Tines Tizy i (Z22).

mn

If X is a sequence space, we give the following
definitions:

(i) X' = the continuous dual of X;

(i) x* = {a = (amn): X ;:Inzl lamnXmnl <

o, for each xE€ X};

(i) Xt ={a=

(amp): > ;Om:l amnXmn 1S convegent, foreach x€ X};
(IV) XY = {a = (@mn): Supmnz1|2¥{,§=1 amnanl <

oo, for each x € X};

(v) Let X be an FK —space> ¢; then Xf =

{f{Smn):f € X'};

(vi) X8 = {a = (apn): supmnIamnxmnli+n <

o, foreachx € X};

X% XP, XY are called o —
dual of X,

(or Kothe-Toeplitz)
B — (orgeneralized-Kothe-
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Toeplitz) dualof X, y —dualofX,§ —dualof
Xrespectively. X* is defined by Gupta and Kampthan .
It is clear that X* c XP and X* c XY, but XP c XY
does not hold, since the sequence of partial sums of a
double convergent series need not to be bounded.

The notion of difference sequence spaces (for
single sequences) was introduced by Kizmaz (1981)
as follows:

Z(A) = {x = (xx) € w: (Axy) € 7}

for Z = c,cq and £, where Axy = X — Xy, for all
k € N.

Here, ¢, ¢, and ¥, denote the classes of
convergent, null and bounded scalar valued single
sequences respectively. The difference sequence
space bv,, of the classical space £, is introduced and
studied in the case 1 < p < oo by Altay and Basar
(2005) and in the case 0 < p < 1 by Altay and Basar
(2005). The spaces c(4), cy(4), £,(4) and bv, are

Banach spaces normed by:

lIxIl = Ix1| + sup|Ax]
k=1

and

1
> p
Illow, = D xelP ) (1 < p < o).
k=1

Later on the notion was further investigated by
many others. We now introduce the following
difference double sequence spaces defined by:

Z(8) = {x = (Xmn) € W?: (AXpmn) € Z}
7 = AZ,XZ

(Xm+1n — Xm+1n41) = Xmn — Xmn+1 — Xm+1n T
Xm+1n41 forallm,n € N.

where, and  Axpn = Kmn — Xmnt1) —

2. Some new integrated statistical convergence
sequence spaces of fuzzy numbers

The main aim of this article is to introduce the
following sequence spaces and examine topological
and algebraic properties of the resulting sequence
spaces. Let p = (pmn) be a sequence of positive real
numbers for all m,n € N, f= (f,,) be a Musielak-
modulus function,

(% 1(dCx1, 00, dCxz, 0), ., dCxnr, )], )
p —metric space, and (A;}) be a sequence of non-
zero scalars and p,,,(X) = d(t, 0) be a sequence of

fuzzy numbers, we define the following sequence
spaces as follows:

be a

[Ffzuq' (d(x4,0),d(x7,0), ..., d(Xn—1, 0))”13] -

{m,n
€ I [fmn (

:0’

lim
Ir,s—co

perto ()2
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uniformly in r, s.

In this case, we write X, = 6(§§) The set of all
statistically convergent sequences is denoted by S¥.

Let X = (Xn) be a sequence of fuzzy numbers
and q = (qun) be a sequence of strictly positive real
numbers. Then the sequence X = (X,,,) is said to be
strongly A —convergent if there is a fuzzy number 0
such that,

[quq‘ ||(d(X1' 0)' d(XZ' 0)' e d(Xn_l' 0))”]3] -

lim
r,s—00
melg n€lg

[fn ([0 GO, (dc2, 0, 402,00, +, At )| )] ™
=0,

uniformly in 1, s.

In this case, we write X, = 5(\Tv7lf, q). The set of
all strongly A —convergent sequences is denoted by
(w3, q).

Let X = (Xn,) be a sequence of fuzzy numbers.
Then the sequence X = (X,,) of fuzzy numbers is
said to be double analytic if the set {t.s:r,s € N} of
fuzzy numbers is double analytic and it is denoted by
A?F. In this section we give some inclusion relations
between strongly A —convergence and
A —statistically convergence and show that they are
equivalent for almost bounded sequences of fuzzy
numbers. We also study the inclusion S2%F c §2F
under certain restrictions on the sequence A? =
Ars)-

Let n€eN and X be a real vector space of
dimension w, where n < m. A real valued function
dp Xy, o, Xp) =l (d1(%4,0), .., dp (X5, 0)) I, on X
satisfying the following four conditions:

(D) II (d1(x4,0), ..., dy(Xp, 0)) ll,= 0 if and and only if
d;(%4,0), ...,d,(xp, 0) are linearly dependent,
(i) II (d1(x4,0),...,dn(xn,0)) llp, is invariant under
permutation,
(iii) Il (ad; (x4,0), ..., dyy (X4, 0)) I, = |atl.
Il (d1(x4,0), ..., dp(Xp, 0)) llp, a € R,
(iv) dp ((x1,¥1), (X2,¥2)» -o» (s ¥n)) =
(dx (%1, Xz, s Xn)P + dy (Y1, Y2, -, Yn)P)VP for 1 <
p < o; (or)
(V) d((x1,¥1), (X2,¥2), o) Xy Yn)): =
sup{dx (X1, Xz, -+, Xn), dy (Y1, Y2, -, ¥n)},

for x4,%5,...,Xp €X, ¥1,V2,-,¥n €Y is called the p
product metric of the Cartesian product of n metric
spaces.

Definition 2.1: Let X be a linear metric space. A
function p: X = Ris called paranorm, if

(D pkx) =0, forallx €X;

(2) p(—x) = p(x), for all x € X;

(3) p(x+y) < p&x) +p(y), forallx,y € X;

(4) If (o) is a sequence of scalars with o, = o as
m,n - o and (X,,) is a sequence of vectors with
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P(Xmn —X) = 0asm,n — oo, then p(6ppXmn — OX) —
0Oasm,n — oo,

A paranorm w for which p(x) = 0 implies x = 0 is
called total paranorm and the pair (X,w) is called a
total paranormed space. It is well known that the
metric of any linear metric space is given by some
total paranorm (Wilansky, 1984).

The notion of deal convergence was introduced
first by Kostyrko et al. (2000) as a generalization of
statistical convergence which was further studied in
toplogical spaces by Kumar (2007) and Kumar and
Kumar (2008), and also more applications of ideals
can be deals with various authors by Hazarika (2009,
2012a,b,c, 2013a,b, 20144a,b,c,d,), Hazarika and Savas
(2011), Hazarika et al. (2014), Hazarika and Kumar
(2014), Tripathy and Hazarika (2008, 2009, 2011).

Definition 2.2: A family I c 2Y of subsets of a non
empty set Y is said to be an ideal in Y if

(el
(2)A,BelimplyAU Bel
(3)Ae,Bc AimplyB € L.

While an admissible ideal I of Y further satisfies
{x} €I for each x € Y. Given I ¢ 2¥*N be a non trivial
ideal in N x N. A sequence (Xpn)mnenxy it X is said
to be [ — convergent to 0 € X, if for each € > 0 the set
A(e) = {m,n € N X N: || (dy(x4,0), ..., dp(Xy, 0)) —
0llp,= s} belongs to 1.

Definition 2.3: A non-empty family of sets F c 2X is
a filter on X if and only if

()pEeF
(2) foreach A,B € F,we haveimply AN B E€F
(3)each A € Fand each A c B, we have B € F.

Definition 2.4: An ideal I is called non-trivial ideal if
I+ ¢ and X & I. Clearly I ¢ 2% is a non-trivial ideal if
and only if F = F(I) = {X — A: A € I} is a filter on X.

Definition 2.5: A non-trivial ideal I ¢ 2X is called (i)
admissible if and only if {{x}: X € X} c L. (ii) maximal
if there cannot exists any non-trivial ideal ] #1
containing I as a subset.

If we take I=={AcSNx
N:A is a finite subset}. Then I; is a non-trivial
admissible ideal of N and the corresponding
convergence coincides with the usual convergence. If
we take [ =I5 = {A € N x N: 6(A) = 0} where 8(A)
denote the asymptotic density of the set A. Then Iy is
a non-trivial admissible ideal of N X N and the
corresponding convergence coincides with the
statistical convergence.

Let D denote the set of all closed and bounded
intervals X = [x4,Xx,] on the real line R x N. For
X,Y € D, we define X <Y if and only if x; <y, and
X, £y, d(X,Y) = max{|x; —y1l, |x; — y.l}, where
X = [xq,x;]and Y = [yy, y,].

Then it can be easily seen that d defines a metric
on D and (D, d) is a complete metric space. Also the
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relation "<" is a partial order on D. A fuzzy number X
is a fuzzy subset of the real line R X R i.e. a mapping
X:R - J(= [0,1]) associating each real number t with
its grade of membership X(t).

Definition 2.6: A fuzzy number X is said to be (i)
convex if X(t) = X(s) A X(r) = min{X(s), X(r)}, where
s < t <r. (ii) normal if there exists t, € R X R such
that X(t,) = 1. (iii) upper semi-continuous if for each
£>0,X71([0,a + €]) for all a € [0,1] is open in the
usual topology of R X R.

Let R(J) denote the set of all fuzzy numbers which
are upper semicontinuous and have compact
support, ie. if X€ R()) X R(J) the for any a€
[0,1],[X]* is compact, where [X]*={teRX
R:X(t) = a, ifa € [0,1]}, [X]° =closure of
({t e R x R:X(t) > «, ifa = 0}).

The set R of real numbers can be embedded R(])
if we define t € R(J) x R(]) by

o~ _ (1, ift=r;
ro = (0, ift#r

the absolute value, |X| of X € R(]) is defined by

_ (max{X(t),X(-t)}, ift=0;
IXI® = (0, ift <0

define a mapping d: R(J) x R(J) —» R* U {0} by

d(X,Y) = sup d([X]% [Y]¥).

O=sas1

It is known that (]R(]),a) is a complete metric
space.

Definition 2.7: A metric on R(J) is said to be
translation invariant if dX + Z,Y + Z) = d(X,Y), for
X,Y,Z € R()).

Definition 2.8: A sequence X = (X,,,) of fuzzy
numbers is said to be (i) convergent to a fuzzy
number X, if for every € > 0, there exists a positive
integer n, such that d(X,,,, X,) < ¢ for all n > n,. (ii)
bounded if the set {X,,,: m,n € N} of fuzzy numbers
is bounded.

Definition 2.9: A sequence X = (X,,) of fuzzy
numbers is said to be (i) I-convergent to a fuzzy
number X, if for each € > 0 such that,

A={m,n € N:dXpn Xo) =} €L

The fuzzy number X, is called I—limit of the
sequence (X,,) of fuzzy numbers and we write I —
limX,,, = Xq. (ii) [ —bounded if there exists M > 0
such that,

{m,n e N:dXp,, 0) >M} €L
Definition 2.10: A sequence space Ep of fuzzy

numbers is said to be (i) solid (or normal) if (Y,) €
Er whenever (X,,,) € Er and d(Yy, 0) < d(X;,, 0)
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for all m,n € N. (ii) symmetric if (X,,,) € Er implies
(Xn(mn)) € Er where T is a permutation of N x N.

Let K ={k; <k, <:-} € N and E be a sequence
space. A K —step space of E is a sequence space,

pLA {(menp) € w? (mpny) € E}.

A canonical preimage of a sequence {(menp)} €

AL is a sequence {ynn} € w? defined as:

_ (an, ifm,n € E
Ymn = (g otherwise.

A canonical preimage of a step space AL is a set of
canonical preimages of all elements in A%, i.e. y is in
canonical preimage of A if and only if y is canonical
preimage of some x € AE.

Definition 2.11: A sequence space Eg is said to be
monotone if Eg contains the canonical pre-images of
all its step spaces.

The following well-known inequality will be used
throughout the article. Let p = (pn,) be any
sequence of positive real numbers with 0 < p,,, <
SUPmnPmn = G, D = max{1,2G — 1} then

[amn + bmnp[Pmn < D(lagmnlPm® + |[byp [Pmn)
forallm,n € Nand a,,,, by € C.

Also |a,, [P < max{1, |a|®} forall a € C.
First we procure some known results; those will
help in establishing the results of this article.

Lemma 2.12: A sequence space E is normal implies
Er is monotone. (For the crisp set case, one may
refer to Kamthan and Gupta (1981)).

Lemma 2.13: based on Lemma 5.1 of (Kostyrko et
al,, 2000) If I c 2N is a maximal ideal, then for each
A c Nwe have either A€ lorN—-—A €l

Definition 2.14: A sequence X = (X,,) of fuzzy
numbers is a function X from the set N X N of natural
numbers into L(R) X L(R). The fuzzy number X,
denotes the value of the function m,n € N.

We denote W2F denotes the set of all sequences
X = (Xjpn) of fuzzy numbers.

Definition 2.15: A sequence X = (X,,) of fuzzy
numbers is said to be analytic if the set {X,,,: m,n €
N} of fuzzy numbers is analytic.

The notion of statistical convergence for a
sequence of complex numbers was introduced by
Fridy (1985) and many others. Over the years and
under different names statistical convergence has
been discussed in the different theories such as the
theory of Fourier analysis, ergodic theory and
number theory. Later on, it was further investigated
from the sequence space point of view and linked
with summability theory by Fridy (1985), Salat
(1980), Connor (1988), and many others. This
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(m+1)(n+1) £i=0

concept extends the idea to apply to sequences of
fuzzy numbers with Kwon and Shim (2001), Et et al.
(2005), Nuray and Savas (1995), and many others.

Definition 2.16: The sequence X = (X,,,) of fuzzy
numbers is said to be almost convergent to a fuzzy
number 0 if limy, 3o e0d(tymqn(X),0) = 0 uniformly
in m, n, where tpm,qn(X) =

1 1/((i+m)+(+n))
b Z?:O (Xi+m,j+n) .

This means that for every € > 0, there exists a
Podo € N such that d(tpm‘qn(X), ﬁ) < g, whenever
P,q = peQo and for all m, n.

Definition 2.17: A sequence X = (X,,,) of fuzzy
numbers is said to be statistically convergent to a
fuzzy number 0 if for every € > 0,

li{n |{m <rn<s: d(X,ln/,ran'n, 5) = s}| =0.

rs

The set of all statistically convergent sequences
of fuzzy numbers is denoted by S2F.

We note that if a sequence X = (X,,) of fuzzy
numbers converges to a fuzzy number 0, then it is
statistically converges to 0. But the converse
statement is not necessarily valid.

Let u = (As) be a non-decreasing sequence of
positive real numbers tending to infinity and A;; =1
and Aryq 541 < A+ 1, forallr,s €N

The generalized de la Vallee-Poussin mean is
defined by:

1
trs(X) = _Z z |an|1/m+n

A
TS pel, gelg

where, I = [r,s — A + 1,rs]. A sequence x = (Xyypn)
of complex numbers is said to be (V,A) — summable
to a number if t(x) » Lasr,s — oo.

3. Main results

Theorem 3.1: If [?(X) € $2F and ¢ € R, then
(@) S3F — limcl'2(X) = ¢S2F — limI'%(X)
(b) S2F —limI'2(X +Y) = S3F — limI'2(X) +
S2F — limI'2(Y)

Proof (a): Let I'2(X) € 5 so that S2F — limI(X) =
0,c € Rand € > 0. Then the inequality,

e q
(S [fmn (”IJmn(CX): (d(Xp 0),d(x2,0), ..., d(xn-1, 0))”p)] "

28}|S

—_——

m, n

€ Lis: [fmn (”l-lmn x), (d(Xl, 0),d(xz,0), -+, d(xp—1, 0))||p)]qmn
=1
e

forallr,s € N.
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Proof (b): Suppose that I'*(X),T'2(Y) € S2F so that
S2F —1limM'?(X) =0 and S —1imr'?(Y) =0. By
Minkowski’s inequality, we get,

[fon ([ G + 9, (405, 00, i, 0), .o, dr-g, O] )]
<

(e (052,00, G, 00, . Ak, o), )] +
[fn ([ @, (AGe1, 0, Gz, 03, ., A1, D) )| ™™

Therefore given € > 0, for all , s € N, we have,

|{m,n

€ L1 [fmn (”umn(x
+y),(d(x1,0),d(x5,0), ..., d(xp_1, 0))||p)]qmn S 5}|

|{m,n

€ Irstfn ([I1enn ), (010,00, 4Gz, 0), -+, Gy, M) )] ™
€

= E}| +

[inn

€ Irs:fn (11 3, (AGc1, 0,0z, 0, -+, A, O )] ™

This completes the proof.

<

The following theorem shows that A — statistical
convergence and strongly A — convergence are
equivalent for double analytic sequences of fuzzy
numbers.

Theorem 3.2: Let the sequence p = (W,,) be double
analytic and I'?(X) be a sequence of fuzzy numbers.
Then

(a) T2(X) - 0(W3F, p) implies I2(X) - 0(S2F, p).
(b) A2(X) — 0(52F, 1) imply A2(X) - 0(WZF, ).
©SFn AF =N A

Proof (a): Let £ >0 and I'*(X) —» 0(W3F, n) for all
r,s € N, we have,

D7 [fn (1m0, (2051, 01,80, 0, ., Aoy, )| ™

mElys nElpg
>

D [ (I 9 (050,09, 4G53, 0, . 5y, D) )] ™

mElyg n€lyg
=€

[ (1m0, (4G 0, (53,00, . s, ol,)] "™ 2
o
€ b [fmn (”Umn(x), (d(XI' 0), d(Xz: 0), .., d(Xn—p 0))“p)]qmn

> £}| -min(eh, ).
Hence I'?(X) € S3F.

Proof (b): Suppose that I'*(X) € S2i N A?F. Since
I'2(X) € A%F, we write,
qmn
[fon (lenn (9, (450,00, d G, 0), .., A1, D) )]
<T,
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forallr,s € N, let

GK‘S

{m, n
€ Iis: [fonn (Jl1amn (9, (dCx, 0), d(x2, 0),

-

and

s 4Gty O )™

HI'S

{m, n
€ Irs: [fmn (”umn (X)' (d(Xlr 0)' d(XZ' 0):

<)

then we have

D [fn (a0 (A5, 00,465, 0),

meElyg n€lpg

s 4Gy, O )]

TN | 9]

D7 [ ([lmn 9, (451, 00,452, 0, o, Ao, O )| ™

MEGys NEGrs

+

D7D [fon (a0, (A0, 00,0, 00, o dxa s, )]

meEHys n€EHyg
< max (T", TH)G,, + max(e", eM).

Taking the limit as € = 0 and r,s = oo, it follows
that T?(X) € (Wy, q).

Proof (c): Follows from (a) and (b).

Theorem 3.3: If liminf, (};L:) > 0, then S%F < S3F.
Proof: Let I'2(X) € S2F. For given € > 0, we get

|{m£ r,n

< 5t [fn ([ 09, (1, 0), d(xz, 0), ., dConos, 0))||p)]q""‘
= s}| D Gys

where G is in the Theorem of 3.2 (b). Thus,

{m

<s:

<rn
Amn
[fnn ([I1mn GO, (41, 0), dCx2, 0, ., d -1, )| )]
Ars
> S}| > Grs = E
Taking limit as r, s = oo and using liminf (};—r:) >
0, we get I'2(X) € SZF.
Theorem 3.4: Let 0 < up,, < vy, and (up,,voy) be
double analytic. Then (W75, v) c (WiF, u).

Proof: Let T?(X) € (W', v). Let

Wmn

= [foan (JItn 09, (A1, 00, Gz, 03, ., Ay, D) )| ™™
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for all r,s € N and Ay, = Uiy for all m,n € N.
Then 0 <Ay, <1 for all mneN. Let b be
constant such that0 <b <A, <1forallm,n € N.
Define the sequences (kK.,,) and (¢,,,) as follows:
For wy, = 1, let (kpyp) = (Wyn) and €5, = 0 and for
W < 1, letk,,, = 0and 4, = Wy, Then it is clear
that for all m,n € N, we have w,,, = kyyp + 1o and

wr};{ﬁ“ = k?‘n“,‘]“ +fﬁ1“;‘1“. Now it follows that k?‘n",‘]“ <

A A
Kmn < W and £0" < #4n- Therefore,

z z [fmn (”umn(wﬁln;n)‘ (d(Xp 0),d(x,0), ..., d(Xy_1, O))”p)]qmn

mElyg n€lpg

D7 [t (ltma i

mMEIlrg NElyg

+ ), (51,0, 4k, 0), o, A1, D) )] =
Z Z [fmn (”umn(wmn). (d(Xl, 0), d(xz' 0)‘ . d(Xn—l; 0))||p)]an

mElrg NElyg

+
D [t (ltma ey, (4051, 00,46z, 0), ., 4y, ) )|

mElrs NnElyg

now for eachr,s,

D7 D [t (e (A2, 00,42, 0), o A, )], )] ™ =

mel;g n€lg

% 2 =

mel.g nelg

D [ (e (o))" (dx1,0), 405, 0, ., A1, 00) Ty

mel;g nelg

Theorem 3.5: A%F = \Tvif\z, where

5 2F
W)"Az =

X = (Xpmn): Sup Z
rs

melrg

D7 fn (ll8n 09, (3051, 00,405, 0, ., Aoy, O )| < 0

nElyg

Proof: Let X = (X,,,) € \Tvil;\z. Then there exists a
constant T; > 0 such that,

[fn ([1n 00, (A1, 00, A, 0, . -0, )] )™
a0 "> [ (094060, 5,0 s, O, )|

meElrs n€lyg
<T,

for all r,s € N. Therefore we have X = (X;,,) € A%F.
Conversely, let X = (X,,,) € A?F. Then there exists a
constant T, > 0 such that,

[fn ([l G0, (dC51, 00,4z, 0, . a1, )], )] ™

<T,

forallm,nandr,s. So,

D77 [fn (e 09, (a3, 00,055, 0 o Ao, )] ™

mElyg n€lyg
e, Yiem,

mElys nElpg

forallm,nandr,s. Thus X = (X,,,) € Vvﬁz.

4., Conclusion

The statistical approach implement of function
space of I'? and then well defined of definitions. This
logic hypothesis of statistical new approaches of
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1 1-A
Hmn (({mn)}\ (}\_) ) ’ (d(Xli 0)' d(XZ' 0)' L d(Xn—l' 0))

Amn
P

A
]qmn
testing and verification of prove the results. This is
vital role of that research paper.
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